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, [1] 2 ATRo ordinal
analysis . , cut-elimination , $ATR_{0}$
proof-theoretic ordinal . , Kruskal ATRo
H. Friedman .
1 $ATR_{0}\emptyset$ proof-theoretic ordinal
[1] $ATR_{0}$ , .
1.1 ordinal (notation ) $\alpha$ , $\alpha[n|$ (
ordinal notation ) .





5. $\varphi(\alpha, \lambda)[n]=\varphi(\alpha, \lambda[n]+1)$ .
6. $\varphi(\alpha+1,0)[n]=\varphi_{\alpha}^{n+}(21)$ .
7. $\varphi(\alpha+1, \beta+1)[n]=\varphi_{\alpha}^{n}(+2(\varphi\alpha+1, \beta)+1)$ .
8. $\varphi(\lambda, 0)[n]=\varphi(\lambda[n], \lambda[n])$ .
9. $\varphi(\lambda,$ $\beta+1\rangle[n]=\varphi(\lambda[n]+1, \varphi(\lambda, \beta)+1)$ .
10. $\Gamma_{0}[n]=\gamma \mathrm{n}+1$ .
11. $\mathrm{r}_{\alpha+1}[n]=f_{n+1}^{\alpha}+1$ .
12. $\Gamma_{\lambda}[n]=\Gamma\lambda[n]+1$ .
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$\varphi(\alpha, \beta)$ ( $\varphi_{\alpha}(\beta)$ ) , ordinal .
$\bullet\varphi_{0}(\beta)=\omega^{\beta}$ .
$\bullet$ $\varphi_{\alpha}(\beta)=$ $\alpha^{l}\prec\alpha$ , $\varphi_{\alpha’}(\gamma)=\gamma$ $\beta$ $\gamma$ .
, $\gamma 0=\epsilon 0,$ $\gamma n+1=\varphi(\gamma_{n}, 0)$ , $\Gamma_{\beta}$ $\varphi_{\alpha}(0)=\alpha$ $\beta$ $\alpha$ .
, $M$ true arithmetic . , $\{a_{0}, \ldots, a_{k}\}$
, $a_{0}<\cdots<a_{k}$ .
1.2 $M$ $A=\{a_{0}, , .., a_{k}\}$ ordinal notation $\alpha$ ,
$\alpha[A]=(\cdots((\alpha[a\mathrm{o}])[a1])\cdots)[ak]$
. , $A$ $\alpha$-large , $\alpha[A]=0$ .
.
1 $a,$ $b\in M$ ,
$M\models[a, b]$ ro-large
. , cut $a\in I<b$ $M$ code finite set $S$ ,
$\langle$I, $\{S_{i}^{I}|i\in I\}\rangle$ $\models ATR_{0}$
, $S_{i}^{I}=\{x\in M|\langle x, i\rangle\in S\}\cap I$ .
1 AT proof theoretic-ordinal , . $b\in M$
$[a, b]$ $\Gamma_{0}$-large . , 1 , cut $a\in I<b$
$M$ code finite set $S$ , $\langle$I, $\{S_{i}^{I}|i\in I\}\rangle$ ATRo . $M$
$b$ , 1 AT , formula
$\forall x\exists y$ ( $[X,$ $y]\dagger\mathrm{h}\Gamma_{\mathit{0}}$ -large)
. , $ATR_{\mathit{0}}$ formula . - , $ATR_{0}$
$+$ ( $\Gamma_{0}$ ) , formula , ATRo
, $\mathrm{r}_{0}$ . , $ATR_{0}$ proof-theoretic




2.1 $M$ $A=\{a_{\mathit{0}}, \ldots, a_{k}\}$ ($k$ $M$ ) , $A$ limit $I$
: $f$ : $\mathrm{N}arrow A$ ,
$I=\{x\in M|\exists i\in \mathrm{N}x<f(i)\}$ .
2.2 $A=\{a_{0}, \ldots, a_{k}\}$ spread out , $i\leq k-2$ ,
$2^{a_{i}}<a_{i+1}$ .
2.3 $M$ code $A=\{a_{0}, .., , a_{k}\}$ ( $k$ $M$ ) , $A$ spread
out $I$ $A$ limit ,
$I\models I\Delta_{\mathit{0}}+(\exp)$ .
. $I$ $\Delta_{0}^{0}$-induction , \Delta 8-
, $M$ , $\Delta_{0}^{0}$-formula $I$ $M$
absolute
2.4 $\bullet$ 2 $ACA_{0}$ , , $\Sigma_{1}^{0}$-induction
$(ACA)$ .
$\exists \mathrm{Y}\forall x(x\in \mathrm{Y}rightarrow. \varphi(x))$
, $\varphi$ arithmetical formula .
$\bullet$ 2 AT , $ACA_{0}$ $(ATR)$ .
$WO(\prec)arrow\exists \mathrm{Y}\forall b\forall x(X\in \mathrm{Y}_{b}rightarrow\varphi(x, \mathrm{Y}_{\prec b}))$
, $\varphi$ arithmetical formula .
$\bullet$ $(\Sigma_{1^{-}}^{1}Ao)$ .
$\forall x\exists \mathrm{Y}\varphi(x,\mathrm{Y})arrow\exists \mathrm{Y}\forall x\varphi(x, \mathrm{Y}_{x})$
, $\varphi$ $\Sigma_{1}^{1}$-formula .
2.5 $\bullet$ $S$ $\Sigma_{1^{-AC}}^{1}$ $\omega$-model $(ACA)$ $(\Sigma_{1}^{1_{-}}Ac)$
. , second-order formula $\varphi$ $S$ , ,
$\varphi$
$\forall X\exists \mathrm{Y}\theta(X, \mathrm{Y})$ (\theta arithmetical) , $\forall x\exists y\theta(S_{x}, S_{y})$ formula
.
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$\bullet$ $S$ $T$ $\Sigma_{1^{-}}^{1}AC$ $\omega$-model , $S$ $\Sigma_{1^{-AC}}^{1}$ $\omega$-model
, $i$ $S_{i}=T$ .
$\bullet$ $H$ c-level nested $\Sigma_{1^{-AC}}^{1}$ hierarchy , $0<i\leq c$ , $H_{i}$
$H_{<i}$ $\Sigma_{1^{-AC}}^{1}$ $\omega$-model .
$T$ , $T$ Turing iumP $T’$ , $T’=\{x|?\}_{\Sigma^{0}1}(X, T)\}$ . ,
$\mathrm{R}_{\Sigma^{0}}.(X, z)\equiv\exists y\Theta(x, y, z)t\mathrm{h}$ complete $\Sigma_{1}^{0}$ truth predicate relative to $Z\text{ },$ $$ ia $\Delta_{0}^{0}T^{\backslash }b$
. , $j^{a,b}(z)=\{e<a|\exists y\leq b\Theta(e, y, Z)\}$ .
2.6 $A=\{a_{0},a_{k}\}:..,(k\geq 1),$ $S,$ $T$ finite set . $A$ $S$ $T$
Turing iump , .
$\bullet$ $i<k$ , $j^{a_{i},a_{i+(}}1T$) $=j^{aa}i,k(\tau)$ .
$\bullet j^{a_{k-1,k}}a(T)=\{x\in s|x<a_{k-1}\}$ .
2.7 $H$ $\alpha$-level iump hierarchy , .
$\bullet$ $\gamma\prec\alpha$ , $H_{\gamma+1}=(H_{\preceq\gamma})’$ .
$\bullet$ $\lambda\preceq\alpha$ limit notation , $H_{\lambda}=H_{\prec\lambda}$ .
2.8 $A=\{a_{0}, \ldots, a_{k}\}$ . $A$ $H$ $\alpha$-level jump hierarchy
, .
$\bullet$ $\gamma\prec\alpha,$ $\lceil\gamma\rceil<a_{i}(i\leq k)$ , $\{a_{i}, \ldots, a_{k}\}$ $H_{\gamma+1}$ $H_{\preceq\gamma}$ Turing iumP
.
$\bullet$ $\lambda\preceq\alpha$ limit notation $\lceil\lambda\rceil<a_{k}$ , $H_{\lambda}=H_{\prec\lambda}$ .
2.9 $I\Delta_{0}+(\exp)$ -definable function
buthCOde$(\mathrm{r}\psi\rceil,X)$
: $\langle N, \{H\}\rangle\models I\Delta_{0}+(\exp)+$ ($H$ $\alpha$ -level jump hierarchy)
, $\psi(Xx)\gamma\text{ }’\cdots,\gamma_{k}$ $\Sigma_{m}^{0}$ -formula , $\alpha\succeq\beta\succeq(\sup\{\gamma_{1}, \ldots, \gamma k\}+m)$ ,
$\langle N, \{H\}\rangle\models\psi(H_{\gamma_{\text{ }}’\cdots,\gamma k}H)rightarrow \mathrm{T}\mathrm{r}\mathrm{u}\mathrm{t}\mathrm{h}\mathrm{C}_{0}\mathrm{d}\mathrm{e}(\mathrm{r}\psi 1, \beta)\in H_{\beta}$.
2.10 $M$ code $A=\{a_{0}, \ldots, a_{k}\}(k$ $M$ , $A$ $\alpha- \mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$, spread
out), $S$ $M$ finite set . $A$ $S$ $\Sigma_{1^{-AC}}^{1}$ $\omega$-model ,
$M$ code $H$ ordinal notation $\langle\alpha_{i}\rangle,$ $\langle\beta_{i}\rangle$ ,
.
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$\bullet$ $A-\{a_{0}\}$ $H$ $\omega^{\alpha}$ -level iump hierarchy .
$\bullet 0=\alpha_{0}\prec\alpha_{1}\prec\cdots\prec\alpha_{k}\prec\beta_{k}\prec\cdots\prec\beta 1\prec\beta 0=\omega^{\alpha}[a_{0}]$.
$\bullet$ $i<k-4$ , $\alpha_{i}$ $\beta_{i}$ code $2^{a_{i+1}^{2}}$ .
$\bullet$ $\varphi(X)$ arithmetical formula $a_{i-1}(0<i<k)$ code ,
TruthCode $(\lceil\varphi(X_{\beta i})1, \beta_{0})\in H_{\beta_{0}}$
, $\gamma\preceq\alpha_{i}$ ,
TruthCode $(\lceil\varphi(X\gamma)\rceil,$ $\beta_{0)}\in H_{\beta_{0}}$ .
$\bullet$ $T_{\langle a_{i\gamma,d\rangle}},=\{e|\mathrm{T}\mathrm{r}\mathrm{u}\mathrm{t}\mathrm{h}\mathrm{c}\mathrm{o}\mathrm{d}\mathrm{e}(\lceil\psi(e)1, \gamma)\in H_{\gamma}\}$ ( , $H_{\gamma}^{[d]}$ )
,
$S= \bigoplus_{da_{i}\in A,\gamma\prec\alpha\cdot<ak}.,\tau_{(\rangle}ai,\gamma,d$
, $d$ $\psi(x)$ code .
2.11 $A,$ $T$ $M$ code , $A=\{a_{0}, \ldots, a_{k}\}$ ( $k$ $M$ ), $S$
$M$ finite set . $A$ $S$ $T$ $\Sigma_{1^{-AC}}^{1}$ $\omega$-model
, $A$ $S$ $\Sigma_{1^{-AC}}^{1}$ $\omega$ -model , $H_{0}.=T$ . ($H$
210 $\text{ }.$ )
2.12 $A,$ $H$ $M$ code , $A=\{a_{0}, \ldots, a_{k}\}$ ( $k$ $M$ )
. $A$ $H$ c-level nested $\Sigma_{1}^{1_{-AC}}$ hierarchy , $0<i\leq c$
, $A$ $H_{i}$ $H_{<i}$ $\Sigma_{1^{-AC}}^{1}$ $\omega$ -model .
2.13 $A,$ $H$ $M$ code , $I$ $A$ limit , $c\in I$ .
,
$M\models A$ $H$ $c$-level nested $\Sigma_{1}^{1}-AC$ hierarchy
,
$\langle$I, $\{H^{I}\}\rangle$ $\models H^{I}l\mathrm{h}c$-level nested $\Sigma_{1}^{1}-AC$ hierarchy.
2.14 $M$ $C$ $\gamma$ -large . , $M$ code
$\epsilon_{0}$-large set $A\subset C$ $H$ , $A$ $H$ $\mathrm{c}$-level nested $\Sigma_{1^{-AC}}^{1}$ hierarchy
.
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nested $\Sigma_{1^{-AC}}^{1}$ hierarchy $(ATR)$ .
2.15 ACAo .
“ $X$ , $X$ $\Sigma_{1}^{1_{-}}Ao$ $\omega$-model $”arrow(ATR)$ .
. $X$ , $X$ $\Sigma_{1^{-}}^{1}Ao$ $\omega$-model , $\prec$ well-
ordering . $\varphi(x, \mathrm{Y})$ arithmetical formula , $\varphi$
$\prec$ hierarchy . $\varphi(x, \mathrm{Y})$ set
parameter code , 1 . , ,
parameter $\Sigma_{1^{-AC}}^{1}$ $\omega$-model $S$ .
. $c$ $W$ in $S$ ,
$\forall b\prec c\forall x(x\in W_{b}rightarrow\varphi(x, W_{\prec b}))$
, $b$ $c$ predecessor , $W_{b}=\emptyset$ .
( ) , $c$ , $W$ in $S$ ,
$\forall b\prec c\forall x(x\in W_{b}rightarrow\varphi(x, W_{\prec b}))$
, $(ACA)$ , $c$ , $\prec$ well-
ordering , $\prec$ $c$ . , $d\prec c$
, $W$ in $S$ ,
’
$\forall b\prec d\forall x(x\in W_{b}rightarrow\varphi(x, W_{\prec b}))$
. $(\Sigma_{1}^{1_{-}}Ac)$ in $S$ , $W$ in $S$ , $d\prec c$ ,
$\forall b\prec d\forall x(X\in(W_{d})brightarrow\varphi(x, (W_{d})_{\prec b}))$
, $(ACA)$ in $S$ , $W$ ,
$\forall b\prec c\forall x(x\in \mathrm{Y}_{b}rightarrow\varphi(x, \mathrm{Y}_{\prec b}))$
$\mathrm{Y}$ in $S$ . $\mathrm{Y}$ $c$ hierarchy , .
( )
, $(\Sigma_{1^{-A}}^{1}c)$ in $S$ $(ACA)$ in $S$ ( ) , $\prec$
hierarchy
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1 . $[a, b]$ $\mathrm{r}_{\mathit{0}}$-large , $[a+1, b]$ $\gamma_{a+1}$-large .
, 2.14 , $\epsilon_{0}$-large set $A\subset[a+1, b]$ $T$ , $A$ $T$
$(a+1)$-level $\Sigma_{1^{-AC}}^{1}$ hierarchy . $I$ $A$ limit, $J$ $\{0, \ldots, a+1\}$ limit
. $j\in J$ , $T_{j+1}^{I}$ $T_{j}^{I}$ $\Sigma_{1^{-AC}}^{1}$ $\omega$-model ,
$\langle$I, $\{(T_{j}^{I})_{i}|i\in I,j\in J\}\rangle$
, “ $X$ , $X$ $\Sigma_{1^{-AC}}^{1}$ $\omega$-model ”
. ( $T_{j}^{I}$ , H , $(ACA)$ )
, 215 , $\langle$I, $\{(T_{j}^{I})_{i}|i\in I,j\in J\}\rangle$ $(ATR)$ . ,
{( )di\in I, $j\in J$} code $S$ .
3 Kruskal $ATR_{0}$
3.1 $\leq$ $T$ finite tree , .
$\bullet$ $T$ . ( $T$ root )
$\bullet$ $b\in T$ , $\{a\in T|a\leq b\}$ $T$ .
3.2 $T_{1},$ $T_{2}$ finite tree . $T_{1}$ embedding , 1 1 $f$ : $T_{1}arrow$
$T_{2}$ , $a,$ $b\in T_{1}$ , $f(a\wedge b)=f(a)\wedge f(b)$ . ,
$a\wedge b$ , $a$ $b$ . , embedding $f$ : $T_{1}arrow T_{2}$
, $T_{1}\leq T_{2}$ .
2(Kruskal) finite tree $\langle T_{k}|k<\omega\rangle$ , ,
$i<j<\omega$ $T_{i}\leq T_{j}$ .
. [5] .
, $\mathcal{T}$ finite tree , Kruskal $WQO(\mathcal{T})$
. , $\mathrm{r}_{0}$ ordinal notation system well-ordered ,
$WO(\Gamma 0)$ .
3.3 primitive recursive mapping $\mathit{0}:\mathcal{T}arrow \mathrm{r}_{0}$ . ($T\in \mathcal{T}$
, $T$ $|T|$ )
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1. $|T|=1$ , $o(T)=0$.
2. $|T|\neq 1$ . , root $(\tau)$ , immediate successor $b_{1},$ $\ldots,$ $b_{m}$
$(m\geq 1)$ . $T$ subtree $T^{i}=\{c\in T|c\geq b_{i}\}$ , $o(T)$




$\varphi(\alpha, \beta)$ , $m=3$ $\beta\prec\varphi(\alpha, \beta)$
$\beta+\alpha$ , $m=3$ $\beta=\varphi(\alpha, \beta)$
$\varphi(\beta, \alpha)$ , $m\geq 4$
, $\beta=o(T^{1}),$ $\alpha=o(T^{2})$ .
3.4 $\alpha\prec\Gamma_{0}$ , finite tree $T$ , $o(T)=\alpha$ .
. $0\prec\alpha\prec\Gamma_{0}$ , $\alpha_{i},$ $\beta_{i}\prec\varphi(\alpha_{i}, \beta_{i})\preceq\alpha(1\leq i\leq n)$
ordinal $\alpha_{1},$ $\ldots,$ $\alpha_{n},$ $\beta 1,$ $\ldots,$ $\beta n$ – , $\alpha=\varphi(\alpha_{1}, \beta 1)+\cdots+\varphi(\alpha_{n}, \beta n)$
$\varphi(\alpha_{1}, \beta_{1})\succeq\cdots\succeq\varphi(\alpha_{n}, \beta_{n})$ ([6] ), $o(T)$ , $T$
3.5 finite tree $T_{1},$ $T_{2}$ ,
$T_{1}\leq T_{2}arrow o(T_{1})\preceq o(T_{2})$ .
. Fo ordinal $\alpha,$ $\beta,$ $\alpha_{1,2}\alpha,$ $\beta_{1},$ $\beta 2$ , . ([6] )
$\bullet$ $\alpha\preceq\beta$ , $\beta\preceq\beta+\alpha\preceq\varphi(\beta, \alpha)$ .
$\bullet$ $\alpha\preceq\beta$ $\beta\prec\varphi(\alpha, \beta)$ , $\beta+\alpha\preceq\varphi(\alpha, \beta)\preceq\varphi(\beta, \alpha)$ .
$\bullet$ $\alpha_{1}\preceq\alpha_{2}$ $\beta_{1}\preceq\beta_{2}$ , $\varphi(\alpha_{1}, \beta_{1})\preceq\varphi(\alpha_{2}, \beta_{2})$.
$o(T)$ .
3.6 $WQO(\mathcal{T})arrow WO(\Gamma 0)$ .
. $\Gamma_{0}$ ordinal $\langle\alpha_{k}|k<\omega\rangle$ , $\alpha_{k}\succ\alpha_{k+1}(\forall k\geq 0)$
. 34 , finite tree $\langle T_{k}|k<\omega\rangle$ , $\mathrm{o}(T_{k})=\alpha_{k}$ .
, Kruskal , $i<j$ , $T_{i}\leq T_{j}$ , 35 ,
$o(T_{i})\preceq \mathrm{o}(T_{j})$ , , $\alpha_{i}\preceq\alpha_{j}$ , $\langle\alpha_{k}|k<\omega\rangle$ .
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3 $ATR_{0}$ Kruskal .
. , , 36 , $ATR_{0}$ $WO(\Gamma_{\mathit{0}})$
, 1
33 , finite tree $\Gamma_{\epsilon_{0}}$ ordinal ,
. ([7] )
3.7 $WQO(\mathcal{T})arrow WO(\Gamma_{\mathcal{E}_{0}})$.
, AT 36 , ,
$WO(\mathrm{r}_{0})arrow wQO(\mathcal{T})$
.
4 $a,$ $b\in M$ ,
$M\models[a, b]$ $\Gamma_{\epsilon_{0^{-}}}1\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$
. , cut $a\in I<b$ $M$ code finite set $S$ ,
$\langle$I, $\{S_{i}^{I}|i\in I\rangle$ $\models ATR$
, $ATR$ , AT full second-order induction .
, 4 , $WO(\Gamma_{\epsilon_{0}})$ , 3.7 , Kruskal
. – , $ATR$ proof-theoretic ordinal $\Gamma_{\epsilon 0}$ , $ATR$
$WO(\Gamma 0)$ . ,
$\langle$I, $\{S_{i}^{I}|i\in I\}\rangle$ $\models WO(\Gamma \mathit{0})+\neg WQo(\mathcal{T})$ .
, 36 , AT .
, 4 , 1 .
3.8 $H$ $\omega$ -level nested $\Sigma_{1^{-AC}}^{1}$ hierarchy , $i>0$ ,
$H_{i}$ $H_{<i}$ $\Sigma_{1^{-AC}}^{1}$ $\omega$ -model .
3.9 $A,$ $H$ $M$ code , $A=\{a_{0}, \ldots, a_{k}\}$ ( $k$ $M$ )
. $A$ $H$ $\omega$ -level nested $\Sigma_{1^{-AC}}^{1}$ hierarchy , $0<i<a_{j}-1$
, $\{a_{j+1}, \ldots, a_{k}\}$ $H_{i}$ $H_{<i}$ $\Sigma_{1^{-AC}}^{1}$ $\omega$ -model .
3.10 $M$ $C$ $\Gamma_{\alpha}$ -large . , $M$ code
$\alpha$-large set $A\subset C$ $H$ , $A$ $H$ $\omega$ -level nested $\Sigma_{1^{-}}^{1}AC$ hierarchy
.
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